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Abstract. In this paper, inspired by the article [5], we introduce the 
induced topological pressure for a topological dynamical system. In 
particular, we prove a variational principle for the induced topological 
pressure. 
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1 INTRODUCTION AND MAIN RESULT 

The present paper is devoted to the study of the induced topological pressure 
for topological dynamical systems. Before stating our main result, we first give some 
notation and background about the induced topological pressure. By a topological 
dynamical system (TDS) (A, /), we mean a compact metric space (A, d) together with 
a continuous map / : A — > X. Recall that C( A, R) is the Banach algebra of real-valued 
continuous functions of A equipped with the supremum norm. For p 6 C(X, R), n > 1, 

n— 1 

let (S n cp)(x) := X and for ip G C(X, R) with ip > 0, let m := min{'f/;(x) : x G 

i =o 
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A}. We denote by M(A, f) all /-invariant Borel probability measures on X endowed 
with the weak-star topology. 

Topological pressure is a basic notion of the thermodynamic formalism. It first 
introduced by Ruclle [11] for expansive topological dynamical systems, and later by 
Walters [1,9,10] for the general case. The variational principle established by Walters 
can be stated as follows: Let (X, f ) be a TDS, and let p G C(X, M), P(<p) denote the 
topological pressure of p. Then 

P(<P) = sup(M/) + J '■ I 1 e M i x -> /)}• (!•!) 

where h M (/) denotes the measure-theoretical entropy of /i. The theory of topological 
pressure and its variational principle plays a fundamental role in statistics, ergodic 
theory, and the theory of dynamical systems [3,9,13]. Since the works of Bowen [4] and 
Ruclle [12], the topological pressure has become a basic tool in the dimension theory 
of dynamical systems [8,14], 

Recently Jaerish, Kessebohmer and Lamei [5] introduced the notion of the induced 
topological pressure of a countable Markov shift, and established a variational principle 
for it. One important feature of this pressure is the freedom in choosing a scaling func¬ 
tion, and this is applied to large deviation theory and fractal geometry. In this paper 
we present the induced topological pressure for a topological dynamical system and 
consider the relation between it and the topological pressure. We set up a variational 
principle for the induced topological pressure. As an application, we will point out 
that the BS dimension is a special case of the induced topological pressure. 

Let (A, /) be a TDS. For n G N, the nth Bowen metric d n on X is defined by 

dn{x,y ) = ma x{d(f(x),f(y)) : i = 0 , 1,..., n - 1}. 

For every e > 0, we denote by B n (x, e), B n (x , e) the open (resp. closed) ball of radius 
e and order n in the metric d n around x. i.e., 

B n (x, e) = {y G A : d n (x, y ) < e} and B n (x, e) = {y G A : d n (x, y) < e}. 

Let Z C A be a non-empty set. A subset F n c A is called an (n, e)-spanning set of Z 
if for any y G Z, there exists x G F n with d n (x, y) < e. A subset E n C Z is called an 
(n, e)-separated set of Z if x, y G E n , x ^ y implies d n (x, y) > e. 

Now we define a new notion, the induced topological pressure which extends the 
definition in [5] for topological Markov shifts if the Markov shift is compact, as follows. 

Definition 1.1. Let (A,/) be a TDS and p, G C(X, M) with ip > 0. For T > 0, 
define 


St — {n G N : G A such that S n ip(x) < T and S n+ iip(x) > T}. 
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For n G St, define 


X n = {x G X : S n if(x) < T and S n+ \if(x) > T}. 

Let 

QiI>,t(L T>, e) = inf EE exp(5' n 9?)(a;) : F n is an (n, e)- spanning set of X n ,n G St 

VneSy xGF„ 

We define the if-induced topological pressure of (p (with respect to f) by 

1 

Pp(ip) = lim lim sup - log Q^ T (f, <p,e) (1.2) 

e-i-0 T-s-oo 1 

Remarks. 

(■ i) Let [X\ denote the integer part of P. Then for n G St, n < [P\ + 1, i.e., St is a 
finite set. 

(ii) If 0 < ei < e 2 , then Q^pr(f, T>, €i) > Q^,T(f ,Ti e 2 ), which implies the existence of 
the limit in (1.2) and P^(ip) > — 00 . 

(Hi) PiM = P(<P)- 

The variational principle for induced topological pressure is stated as follows. 
Theorem 1.1. Let ( X , f) be a TDS and <p,if G C(X, M) with if > 0. Then 

= sup { jpi + : " e M(x • ;) } ■ (1 - 3) 

This paper is organized as follows. In Section 2, we provide an equivalent definition 
of induced topological pressure. We prove Theorem 1.1 in Section 3. We point out that 
the BS dimension is a special case of the induced topological pressure in Section 4. In 
Section 5, we study the equilibrium measures for the induced topological pressure. 

2 AN EQUIVALENT DEFINITION 


In this section, we obtain an equivalent definition of the induced topological pres¬ 
sure by using separated sets (from now on, we omit the word ‘topological’ if no confusion 
can arise). 


Proposition 2.1. Let (X,f) be a TDS and p, if G C(X, M) with if > 0. For T > 0, 
define 

Pj>,T(f, T, e) = sup EE exp (S n (p)(x) : E n is an (n, e) -separated set of X n , n G St 

l hGSt x£E n 

Then 


Pip(<p) = lim lim sup — log P^ T (f, <p, e) 

e^O T^>oo 1 


(2.4) 
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Proof. We note that since the map e H > limsup ^ log P^ t T(f, <P, e ) is nondecreasing, 

T—>• oo 

the limit in (2.4) is well defined when e —>■ 0. For n G St, let E n be an (n, e)-separated 
set of X n which fails to be (n, e)-separated when any point of X n is added. Then E n 
is an (n, e)-spanning set of X n . Therefore 

QipAfiVX) < P^Af->vx) 

and 

< lim lim sup — log P^ T (/, <p,e). 

e->0 T -nx> 1 

To show the reverse inequality, for any e > 0, we choose 5 > 0 small enough so that 

£ 

d(x, y)<-=>\A X ) - v{y)\ < ( 2 - 5 ) 

For n G St, let E n be an (n, h)-separated set of X n and F n an (n, f)-spanning set of 
X n . Define <ft : E n —» F n by choosing, for each x G E n , some point (j>{x) G F n with 
d n (4>{x),x ) < f. Then tj) is injective. 

Therefore, 

exp {S n <p)(y) 

neSry&Fn 

> ex P (S n <p)(y) 

uGSt y£rf>En 

> V (min exp((S n (p)((f>x) - (S n <p)(x))) V' exp(5' n ^)(x) 

xeE n Z ' 

neSr xeE n 

> exp (-(^ + !)e) 

tiGSt xGE n 

We conclude that 

1 $1 1 

lim lim sup — log Q^ r (/, <p, x) >-e + lim lim sup - log P,y T (/, <p, $) • 

1 2 m s^o T 1 

As e —* 0, we have 

P 0 (V?) > lim limsup — log P^ T (/, </b 5). 

5^0 T-t oo 2 

3 THE PROOF OF THEOREM 1.1 

In this section, we give the proof of Theorem 1.1. Firstly, we study the relation 
between Pp(tp) and P(</?), which will be needed for the proof of Theorem 1.1. The 
following Theorem 3.1 is very similar to Theorem 2.1 of [5], and it is a generalization 
of this theorem in the case of a compact topological Markov shift. 
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Theorem 3.1. Let (X,f) be a TDS and cp, G C(X, R) with > 0. For T > 0, 
define 

Gt — {n G N : G X such that S n fi>(x) > T}. 

For n G Gt, define 


Let 

Rp, T {f,FX) 
We have 


Y n = {x G X : S n fi(x) > T}. 


sup {£ £ exp (S n (p)(x) : E n is an (n,e)-separated set ofY n ,n G Gt 
ti£Gt x£E' 


P^(<p) = inf'{/3 G R : lim limsup t(/, ip — fiip, e) < oo}. (3.6) 

T-kx> 

i/ere we mafce the convention that inf 0 = oo. 

Proof. For n G N, cc G X, we define m n (x) to be the unique positive integer such that 

(m n (x) - 1)||^|| < S n il>(x) < m n {x)\\^\\. 

Observing that 

exp(—/5||'0||m n (a;))exp(-|/3|||^||) < exp (-f3S n fi(x)) < exp(-^||^||m n (x)) exp(|/3|||^||) 
for all x G X. For = {£ n : X —>■ R} n eG T > we define 
Rp,T(f,F^T,€) 

= sup !e £ exp((/S' n v?)(x) — £n( x )) : R n * s an ( n -> e)-separated set of Y n ,n G Gj\ 

[ neG T xeE ' n ) 

We conclude that 

lim lim sup R^^if, p> — e) < oo 

£ ^° T—hx> 

if and only if 

lim lim sup tyb {~n&G T ■> e ) < °°- 

e^O T^oo 

Hence, it will be sufficient to verify that 

Ptl>(<p) = inf{/9 e ® : limlimsupl? v , )T (/,( y ?,{- / 0||^||m n } neGT ,e) < oo}. 

By the equivalent definition of P^((p), for every <5 > 0, /? G R with /? < P^(ip) — 5, there 
exists an e 0 > 0 with 

P + 5 < lim sup ^ log P^ T (f,<P+) < P^(+), Ve G (0,e 0 ), 

T—¥ oo J - 
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and we can find a sequence {Tj}j eN such that for every j e N, T) +1 — T) > 2||^|| and 
for each j e N, there exists an Et :i — (J E n with 

TI(zSt- 

3 

£ 

Y e MSnV)(x) > exp (Tj(P + -)). 

n&Sxj xGE„ 

Since for j e N, n G Stj, x E E n , Tj — ||V’|| < S n 'iJj(x ) < T), we have 

S Ti n S Tj = 0, i ^ j 

and 

|||^||m n (x) -Tj\ < 2||^||. 

It follows that 

R^AL <P, {-/^IIV'll^njneGT, e ) 

> Y Y1 exp((S n ^)(T) - P\\*l>\\mn(x)) 

je N, Tj-||y||>rneS Tj . xg£„ 

> exp(—2|/5|II-0H) ^ Y exp((5 n ^)(x) -/TZ}) 

jGN, T j — ||V>||>TneST j zGE™ 

>exp(—2|/3|Ill’ll) ex P ((P + lj) T J-^.PTj) 

je N, Tj-||^||>T 

=oo. 

Therefore, for all /? < P^(<p) — <5, 

limlimsup R^, tT (f, {-/3\\A m n}neGT, e ) = (3-7) 

This argument is not only valid for P^((p) € R, but also for P^iip) = oo, in which case 
(3.7) holds for every f3 6 R. Then 

PiA) < in f{/? e ® : limlirnsup 77^(7, </?, {-/3||^||m n } neGT , e) < oo}. (3.8) 

e^O T^oo 

Next, we establish the reverse inequality. We consider the case P^(tp) G R and 
show that for any <5 > 0, 

limlimsupi7 v , )T (/, <p, {-{P^{tp) + <5)||^||m n } nGGT , e) < oo. 

€^0 t^oo 

Again, by the equivalent definition of P^((p), we have, for any e > 0, 

lim sup l- log P^Af, <P, e ) < p Av) + o ’ 

T—> oo ^ Z 
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and we can find an l 0 E N such that for all l E N with l > / 0 , 

2^ 

Pfrimif’ 7b e) < exp(Zm(i^(<p) + y)). 
Note that for n E <S) m . x E E n , we have 


|||^||m n (a:) - Zm| < 2||^|| 

and 

-(-PyM + ^)ll^ll m n(^) < -lm(p^(ip) + S) + 2 \Ptj,(<p) + (file’ll- 

Moreover, for sufficiently large T > 0, n E Gt, x E E' n C Y n , there exists a unique l E N 
such that (l — l)m < S n ip(x ) < Irn. Obviously S n+ \ip(x) > Im. Hence, we obtain 

KvAI-. y: {'-( / V(^) + 5)11^11 m n } neGT ,e) 

<EsuP E E ex P((^)W - (PM + S)U\\m n (x)) : 

l>l 0 V 

E n is an (n, e)-separated set of X n . n E S) m 1 

< exp(2||^|| \Pj,{ip) + <5|) E exp(-(/>(^) + S)lm)P^ t i m {f, P, e) 

l>lo 

< exp(2\\ip\\\P^(p) + <*|) E ex P 

i>i 0 

< exp(2|MHPy(y?) + S\) l _ cx p ( _^ ) • 

This implies 


limlimsupi?^ jT (/, </?, {-(Py(</?)) + 5)\\ip\\m n } neGT , e) < oo, 

T -^oo 

and hence, 

PM - inf {^ G K : limlimsup R^,t(L p, {-/3\\ip\\m n } nGGT , e) < oo}. (3.9) 
Combining (3.8) and (3.9) we obtain (3.6). 

Corollary 3.1. Let ( X,f ) fre a TDS, and p,ip E C(X, M) with ip > 0. We have 

P^(p) > inf{/3 G M : P(ip — /L0) < 0}. (3.10) 

Proof. Let /? G {/? G M : lim limsup p — f3ip,e) < oo} and 

e ->0 

lim lim sup P — (dip , e) = a. 

e ->0 
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Then for any e > 0, 


lim sup R^, T (f, <~p — PP>, e) < a + 1. 

T—>• oo 

We can find a T 0 > 0 such that for all T > T 0 , 

V ~ Pip, e) < a + 2. 

Now, for sufficiently large n G N, 

> T, Vo; G X, 

and hence, for such n G Gy, E n is an (n, e)-separated set of X and 

Y exp (S n ((f - pip))(x) < a + 2. 

x€E n 

It follows from this that 

P(ip — Pip) < 0. 

Since 


inf {/5 G R : lim lim sup R^ r(/, ip — Pip, e) < oo} 


> inf {/d G R : P((p - pip) < 0}, 
the inequality (3.10) follows by Theorem 3.1. 

Corollary 3.2. Let (X,f) be a TDS, and ip, ip G C(X, R) with ip > 0. We have 

P^(<p) = inf{/5 G R : P(ip — php) < 0} = sup{/3 G R : P(<p — Pip) > 0}. 

Proof. If there exists a (3 G R such that P(<p — php) = oo, then P(tp — php) = oo for 
all p G R. By Corollary 3.1, we have 

Pp(p) = inf{/5 G R : P(ip — php) < 0} = sup{/3 G R : P(<p — Pip) > 0}. 

Suppose for any P G R, Ppp — Pip) < oo. By (1.1) we have 


P(<p - Pi>) = sup {K(f) + / ipdv ~P ipdv : v G M(X, /)}. 


m ^ 2 2 there exists a p G M(X,f) 


Then for each Pi, P 2 G R, Pi < /3 2 and 0 < e < 
such that 



Thus, the map (3 (->• P(<p — piip) is strictly decreasing. 

Next, we prove that 

P{<P ~ flip) < 0 => Py,r(/, T - /3ip, e) < oo. 

Let P{tp — php) = 2 a < 0. For any e > 0, we can find N G N such that for all n G N 
with n > N, 

sup exp (S n (ip — php))(x) < exp(na), 

En xeE n 

where the supremum is taken over all (n, e)-separated sets of X. Consequently, for 
sufficiently large T > 0, we have 

(fi- /3ip,e)< V sup V exp(P n (<p - pip)){x) < - -— < oo, 

n>N xGE n 1 eXP ^^ 

and the conclusion holds. 

Since 


inf{/3 G R : P(ip — php) < 0} > inf {/5 G R : lim lim sup Py t(/, T — P'f 1 , e) < oo}, 
by Theorem 3.1 and Corollary 3.1, we conclude that 


inf {p G R :P(<p- (dip) < 0} = inf {/3 G R :P(<p- pip) < 0} 

= sup{/l G R : P(<p — flip) > 0}. 


Corollary 3.3. Let {X,f) be a TDS and ip,ip G C(X, R) with ip > 0. Suppose that 
for each /? G R we have P(ip — php) G R. Then P(<p — P^(ip)ip) = 0. 

Proof. By the proof of Corollary 3.2 the map /3 i —> P(<p — php) is a strictly decreasing, 
continuous map on R. Hence P(<p — P^(ip)ip) = 0. 

We are now ready to prove Theorem 1.1. 

Proof of Theorem 1.1. Firstly, we show 

P,CP) > sup {Lb} M (X, /)}• (3.11) 

By Corollary 3.1 we have 0 > P(pp — php) for fd > Py(<p). ft follows from (1.1) that 


0 > P(<p — php) 

= sup {h v {f) + J pdo - (d J ipdn : v G M(X, /)} 
h v {f) . f <fdv 


= sup{ / ipdu( 


+ 


J ipdu f ipdu 


pi):veM(XJ)}, 
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and hence (3.11) holds. 

Next, we establish the reverse inequality. Similarly by Corollary 3.2 we have P(</? — 
Pip) > 0 for (3 < P^((p). Then 

P(f~ P'P) 

= sup {K(f) + J (fdu - P J ipdu : v G M(A, /)} 

= Sl,p{ / + ~ « : " 6 mx • /)} 

> 0 . 

It is easy to see that 

P^)< sup{ M£ + /^ : , e M(.Y./ )} . (3.12) 

Combining (3.11) and (3.12), we obtain (1.3). 

4 A SPECIAL CASE (BS-DIMENSION) 

In this section we will show that the BS dimension with Caratheodory structure is 
a special case of the induced pressure. The BS dimension was first defined by Barreira 
and Schmeling [2] as follows. 

For n > 1, e > 0, we put 


W n (e) = {B n (x,e) : x G A"}. 

For any B n (x,e) G VV n (e), ip G C(X, M) with ip > 0, the function ip can induce a 
function by 

ip(B) = sup (S n ip)(x). 

x£B 

We call Q C U^/vW^e) covers A, if (J B = X. 

B&g 

Definition 4.1. Let (A, /) be a TDS. For any a > 0, N G N and e > 0, we define 

M(a, e, N) = inf{V'' exp(— aip(B))}, 

Q ‘ m 

Beg 

where the infimum is taken over all finite Q C Uj>AfWj(e) that cover X. Obviously 
M(a, e, N) is a finite outer measure on X and increases as N increases. Define 

m(a, e) = lim M ( a , e, N) 

N —>oo 
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and 


dirriR 5 '(X, e) = inf {a : m(a, e) = 0} = sup {a : m(a, e ) = oo}. 

The BS dimension is dimes X = limdiniBs(W, e) : this limit exists because given e\ < 

e —^0 

62 , we have m(a,e i) > m(a,e 2 ), so dimes(X, ei) > dirngstW, £ 2 )- 
Proposition 4.1. For a TDS, we have P^( 0) = dimes X. 

Proof. By [2, Proposition 6.4], we have P(—if dimes X) = 0. Now it follows from 
Corollary 3.3 that Py(0) = dimes X. 

5 EQUILIBRIUM MEASURES AND GIBBS MEA¬ 
SURES 

In this section we consider the problem of the existence of equilibrium measures 
for the induced pressure. We also study the relation between Gibbs measures and equi¬ 
librium measures for the induced pressure in the particular case of symbolic dynamics. 

Definition 5.1. Let (. X , f) be a TDS and p, if G C(X, K) with if > 0. A member p of 

M(X, f ) is called an equilibrium measure for if and p if P^(<p) = 

write f) for the collection of all equilibrium measures for if and p. 

Definition 5.2. Let ( X , /) be a TDS. Then f is said to be positively expansive if there 
exists 6 > 0 such that x = y whenever d(f n (x ), f n (y)) < 0 for every n G N U {0}. 

The entropy map of a TDS is the map p i-» h^(f), which is defined on M(X,f ) 
and has values in [0, 00 ]. The entropy map p h^(f) is called upper semi-continuous 
if given a measure p G M ( X , /) and 6 > 0, we have h v (f) < h^(f) + S for any measure 
v G M(X, /) in some open neighborhood of p. Now we show that any expansive map 
has equilibrium measures. 

Proposition 5.1. Let (X,f) be a TDS and p, if G C(X, R) with if > 0. Then 

(i) If f is a positively expansive map, then M^ >ip (X, f) is compact and non-empty. 

( ii) If <p, (f, if G C(X, M) with if > 0 and if there exists a c G M such that 

p — <f — c J if dp G {r o f — t : t E C(X, M)} 
for each p G M(X, f), then M^X, f) = M^X, /). 

Proof, (i) For a positively expansive map /, it follows from the proof in [1,9] that the 
map p hn(f) is upper semi-continuous. Then p i-> jpjjj is upper semi-continuous. 
Since the map 

^IjPdiP 
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is continuous for each cp G C(X, /), then 


K(f) + J Vdp 

^ I tl’dl- 1 - 

is upper semi-continuous. Since an upper semi-continuous map has a maximum on 
any compact set, it follows from Theorem 1.1 that 0. The upper semi¬ 
continuity also implies f) is compact because if p n G M^ :ip (X,f) and p n — > 

H G M ( X , /), then 


M/) + f <pdn 
f if dp 


> limsup 

n—> OO 


KJJ)_ + J Pdfln 

f lfdp n 




SO n G M^ v (x, /). 

(n) Note that for each p G M (A, /) 

M/) +_jjfdp = M/) + 
f if dp f if dp 


therefore P^(<£>) = P^,(0) + c > hence M^X, f ) = M^X, /). 

Next, we consider symbolic dynamics. Let (E A , cr) be a one-sided topological Markov 
shift (TMS, for short) over a finite set S — {1, 2 ,..., k}. This means that there exists 
a matrix A = (■ Lj)kxk of zeros and ones (with no row or column made entirely of zeros) 
such that 

E a = {w = (*i, i 2 , • • •) G S N : t ijij+1= i for every j G N}. 

The shift map a : E A —» S A is dehned by *3 ...) H> (* 2 , 'is,...). We call C'j 1 ...j n = 

{(.7 i .72 • • •) G E a : ji = ii for l — 1,..., n} the cylindrical set of We equip E A with 
the topology generated by the cylindrical sets. The topology of a TMS is metrizable 
and may be given by the metric d a (uj,u') = e~ a][UlALJ '\a > 0, where w Aw' denotes 
the longest common initial block of u,u' G S A . The shift map o is continuous with 
respect to this metric. A TMS (S A , a) is called a topologically mixing TMS if for every 
a,b G S, there exists an N a b G N such that for every n > N a b, we have C a D a~ n Cb■ 


Definition 5.3. Let (E A , a) be a TMS and p,if G C(E A ,M) with if > 0. We say that 
a probability measure p in S A is a Gibbs measure for if> and <p if there exists a K > 1 
such that 

~ exp[—(S n if)(uj)P^((p) + (S n (p)(w)] ~ 
for each (A,* 2 , ■ ■ •) G S A , n G N and u G 


We show that cr-invariant Gibbs measures are equilibrium measures. Making a 
similar proof as in [1, Theorem 3.4.2], we can obtain the following statement: 
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Proposition 5.2. If a probability measure n in (E^, a) is a a-invariant Gibbs measure 
for tp and ip, then it is also an equilibrium measure for ip and <p. 

Now we establish the existence of Gibbs measures. 

Proposition 5.3. Let (E a,ct) be a topologically mixing TMS. Suppose that ip and ip 
are Holder continuous functions and ip > 0. Then there exists at least one a-invariant 
Gibbs measure for ip and tp. 

Proof. By Corollary 3.3 we have 

p(<p - = o. 

As (p — P^(p)ip is Holder continuous, it follows from [1, Theorem 3.4.4] that there exists 
a K > 1 such that 

K~ 1 < -- < K 

exp {-nP{<p - P^(<p)ip) - (S n ip)(u)P^(<p) + (^^(w)] 
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